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Abstract
We give a description (direct formulas) of all complex geodesics in a
convex tube domain in Cn containing no complex affine lines, expressed in
terms of geometric properties of the domain. We next apply that result to
give formulas (a necessary condition) for extremal mappings with respect
to the Lempert function and the Kobayashi-Royden metric in a big class
of bounded, pseudoconvex, complete Reinhardt domains: for all of them
in C2 and for those of them in Cn which logarithmic image is strictly
convex in geometric sense.
1 Introduction
A non-empty open set D ⊂ Cn is called a tube domain if D = Ω + iRn for some
domain Ω ⊂ Rn. We call Ω the base of D and in this paper we denote it by
ReD. In the recent paper [Zaj] we investigated convex tube domains from the
point of view of theory of holomorphically invariant distances. More precisely,
we were interested especially in the notion of complex geodesics. Given a convex
domain D ⊂ Cn, we call a holomorphic map ϕ : D→ D a complex geodesic for
D if there exists a left inverse of ϕ, i.e. a holomorphic function f : D → D such
that f ◦ ϕ = idD. Complex geodesics of D are exactly holomorphic isometires
between the unit disc D ⊂ C equipped with the Poincaré distance and the
domain D equipped with the Carathéodory pseudodistance. It follows from the
Lempert theorem (see [Lem] or [Jar-Pfl, Chapter 8]) that if D ⊂ Cn is a taut
convex domain, then for any pair of points in D there exists a complex geodesic
passing through them.
In this paper we restrict our considerations to convex tube domains con-
taining no complex affine lines (equivalently, to convex tubes with no real affine
lines contained in base). Such a family of domains is equal to the family of
taut convex tube domains (see e.g. [Bra-Sor]). This approach has many advan-
tages, among which it is worth mentioning that every holomorphic map with
image lying in such a domain admits a boundary measure ([Zaj, Observation
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2.5]). What is more, from [Zaj, Observation 2.4] it follows that doing such a
restriction we lose no generality.
This paper may be treated as a continuation of [Zaj]. In [Zaj] we gave an
equivalent condition for a holomorphic map ϕ : D→ D to be a complex geodesic
in a convex tube domain D containing no complex affine lines. It it stated in
language of measure theory and formulated in terms of boundary n-tuple of
measures of ϕ (in [Zaj] and here shortly called a boundary measure). Boundary
measure of ϕ is a unique n-tuple µ = (µ1, . . . , µn) of real Borel measures on the
unit circle T ⊂ C such that
ϕ(λ) =
1
2pi
∫
T
ζ + λ
ζ − λdµ(ζ) + iImϕ(0), λ ∈ D.
In the main result of this paper, Theorem 3.1, we present a full description
of all complex geodesics for D. We derive it using the equivalent condition
from [Zaj] and the following, ’spherical’ decomposition of n-tuples of measures
(Lemma 2.1): given real Borel measures µ1, . . . , µn on T, there exist a finite
positive Borel measure ν on T singular to the Lebesgue measure LT on T, a
Borel-measurable map % from T to the unit sphere ∂Bn and a map g : T→ Rn
with components in L1(T,LT) such that
(µ1, . . . , µn) = g dLT + % dν.
The objects ν, % and g are in some sense unique. Theorem 3.1 states that
a holomorphic map with a boundary measure µ = (µ1, . . . , µn) is a complex
geodesic for D if and only if the parts ν, % and g of the decomposition of µ
satisfy several geometric conditions. So, strictly speaking, in Theorem 3.1 we
describe the form of every n-tuple of measures which define a complex geodesic
for D. But in fact, the complex geodesic itself can be then easily recovered (up
to an imaginary constant) from its boundary measure via the above integral.
Later in the paper we apply Theorem 3.1 to obtain more detailed descrip-
tions of complex geodesics in some special classes of convex tube domains. In
Subsection 3.1 we do it for, among others, convex tubes D ⊂ Cn with the
base being bounded from above on each coordinate and satisfying the equality
ReD + (−∞, 0]n = ReD. These domains are very useful in studying extremal
mappings with respect to the Lempert function and the Kobayashi-Royden met-
ric in bounded, pseudoconvex, complete Reinhardt domains in Cn. We deal with
this topic in Section 5, achieving formulas for extremal mappings in a big class
of such Reinhardt domains: for all of them in C2 and for those of them in Cn
which logarithmic image is strictly convex in geometric sense (i.e. it is convex
and its boundary contains no non-trivial segments). Besides, in Subsection 3.2
we investigate complex geodesics in convex tube domains in C2. The results ob-
tained there, together with the considerations made in Subsection 3.1, simplify
the conditions from Theorem 3.1 in two-dimensional case.
Let us briefly summarize the content of the paper. In Section 2 we present
the notation which is used in this paper and we recall some facts about bound-
ary measures of holomorphic maps. There we also prove the lemma on the
decomposition of n-tuples of measures, which was mentioned above. At the end
of that section we define a few objects describing some geometric properties of a
convex tube domain in Cn. In Section 3 we formulate the main result of this pa-
per, Theorem 3.1, we present its applications in special classes of tube domains
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and we give some examples. Section 4 contains the proof of Theorem 3.1 and
some additional remarks. In Section 5 we apply results from Section 3 to ob-
tain formulas for extremal holomorphic mappings in some classes of Reinhardt
domains in Cn.
2 Preliminaries
Let us begin with some notation. The symbols D, T, C∗ denote respectively
the unit disc in C, the unit circle in C and the punctured plane, namely the set
C \ {0}. By δλ0 we mean the Dirac delta at a point λ0 ∈ T, by χA we mean the
characteristic function χA : T→ {0, 1} of a set A ⊂ T and by e1, . . . , en we mean
the canonical basis of Rn or Cn. The Poincaré distance in D is denoted by ρ. By
〈x, y〉 we mean the standard inner product of vectors x, y ∈ Rn, by ‖·‖ we denote
the euclidean norm in Rn and by Bn we mean the unit euclidean ball in Rn. For
a set A ⊂ Rn the symbol A⊥ denotes the set {v ∈ Rn : ∀a ∈ A : 〈v, a〉 = 0}.
We use the symbol 〈·, ··〉 also for measures and functions. For example, if µ
is a tuple (µ1, . . . , µn) of real (i.e. complex with real values) Borel measures on
T and v = (v1, . . . , vn) is a real vector or a bounded Borel-measurable mapping
from T to Rn, then 〈dµ, v〉 or 〈v, dµ〉 is the measure ∑nj=1 vjdµj , etc. The fact
that a real measure ν is positive (resp. negative, null) is shortly denoted by
ν ≥ 0 (resp. ν ≤ 0, ν = 0). The variation of a complex measure ν is denoted by
|ν|. In this paper we consider mostly Borel measures on T and we sometimes
omit the word ’Borel’.
In what follows we use the following families of mappings:
Hn := {h ∈ O(C,Cn) : ∀λ ∈ T : λ¯h(λ) ∈ Rn},
Hn+ := {h ∈ O(C,Cn) : ∀λ ∈ T : λ¯h(λ) ∈ [0,∞)n}.
We have
Hn = {h ∈ O(C,Cn) : ∃a ∈ Cn, b ∈ Rn : h(λ) = a¯λ2 + bλ+ a, λ ∈ C}.
Moreover (see e.g. [Jar-Pfl, Lemma 8.4.6]),
H1+ = {h ∈ O(C) : ∃c ≥ 0, d ∈ D : h(λ) = c(λ− d)(1− d¯λ), λ ∈ C}.
In particular, for h ∈ H1+ we have λ¯h(λ) = c|λ− d|2, λ ∈ T, so such a function
h has at most one zero on T (counting without multiplicities).
In this paper we sometimes consider linear dependence or independence of
functions h1, . . . , hm ∈ H1. Note that here it does not matter whether it is
meant over the filed R or C, because these two properties are equivalent, in
view of the fact that λ¯hj(λ) ∈ R for λ ∈ T, j = 1, . . . ,m.
Now we recall some facts on boundary measures of holomorphic maps. A
real Borel measure µ on T is called boundary measure of a holomorphic function
ϕ : D→ C, if
(1) ϕ(λ) =
1
2pi
∫
T
ζ + λ
ζ − λdµ(ζ) + iImϕ(0), λ ∈ D,
or equivalently, taking the real parts in this equality, if
(2) Re f(λ) =
1
2pi
∫
T
1− |λ|2
|ζ − λ|2 dµ(ζ), λ ∈ D.
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Such a measure µ is uniquely determined by ϕ. In the case when ϕ is a map,
namely ϕ = (ϕ1, . . . , ϕn) ∈ O(D,Cn), by boundary measure of ϕ we mean a
unique n-tuple (µ1, . . . , µn) of real Borel measures on T such that µj is the
boundary measure for ϕj for every j = 1, . . . , n. Then formulas analogous to
(1) and (2) hold for ϕ.
Denote
Mn := {ϕ ∈ O(D,Cn) : ϕ admits a boundary measure}.
Not every holomorphic function on D admits a boundary measure and hence
Mn ( O(D,Cn). It is very important that if D ⊂ Cn is a convex tube domain
containing no complex affine lines, then every holomorphic map ϕ : D → D
belongs to Mn (see [Zaj, Observation 2.5]). In that case for LT-almost every
λ ∈ T the radial limit ϕ∗(λ) = limr→1− ϕ(rλ) of ϕ exists and belongs to D.
It is worth to recall that if µ is a boundry measure of a holomorphic function
ϕ ∈ M, then µ is a weak-* limit of measures Reϕ(rλ) dLT(λ), when r → 1−
(see e.g. [Koo, p. 10]). Here we treat complex measures as linear functionals on
C(T), the space of all complex-valued continuous functions on T equipped with
the supremum norm. The weak-* convergence which we mentioned means that∫
T
u(λ)Reϕ(rλ) dLT(λ) r→1
−
−−−−→
∫
T
u(λ) dµ(λ), u ∈ C(T).
We need the following fact: if µ is a boundary measure of a function ϕ ∈M
and µ = g dLT + µs is the Lebesgue-Radon-Nikodym decomposition of µ with
respect to LT, i.e. g ∈ L1(T,LT) and µs is a real Borel measure on T singular to
LT, then Reϕ∗(λ) = g(λ) for LT-a.e. λ ∈ T (see e.g. [Koo, p. 11]). In particular,
Reϕ∗ ∈ L1(T,LT) and if ϕs is a holomorphic function with boundary measure
µs, then Reϕ∗s(λ) = 0 for LT-a.e. λ ∈ T.
In what follows, given a n-tuple µ = (µ1, . . . , µn) of real Borel measures on
T, by its Lebesgue-Radon-Nikodym decomposition with respect to LT we mean
a unique decomposition
µ = g dLT + µs,
where g = (g1, . . . , gn) : T → Rn is Borel-measurable, g1, . . . , gn ∈ L1(T,LT)
and µs = (µs,1, . . . , µs,n) is a n-tuple of real Borel measures on T, each of which
is singular to LT. In other words, for every j,
µj = gj dLT + µs,j
is the Lebesgue-Radon-Nikodym decomposition of µj with respect to LT. We
call the n-tuples g dLT and µs respectively the absolutely continuous part and
the singular part of µ (omitting the phrase ’in its Lebesgue-Radon-Nikodym
decomposition with respect to LT’, which is assumed by default). The following
lemma is a useful variation on the Lebesgue-Radon-Nikodym decomposition of
n-tuples of measures:
Lemma 2.1. Let µ be a n-tuple of real Borel measures on T. Then there exist
a unique finite, positive Borel measure ν on T singular to LT, a unique (up to a
set of ν measure zero) Borel-measurable map % : T→ ∂Bn and a unique (up to
a set of LT measure zero) Borel-measurable map g : T → Rn with components
in L1(T,LT) such that
(3) µ = g dLT + % dν.
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In particular, g dLT and % dν are (respectively) the absolutely continuous and
singular parts of µ in its Lebesgue-Radon-Nikodym decomposition with respect
to LT.
Lemma 2.1 follows directly from the following general fact, applied to the
singular part of µ:
Lemma 2.2. If (X,A) is a measurable space and µ = (µ1, . . . , µn) is a n-tuple
of real measures µj : A → R, then there exists a unique finite, positive measure
ν : A → [0,∞) and a unique (up to a set of ν measure zero) A-measurable map
% : X → ∂Bn such that µ = % dν.
Proof of Lemma 2.2. Define a finite, positive measure ν˜ as
ν˜ := |µ1|+ . . .+ |µn|.
Since each µj is absolutely continuous with respect to ν˜, from the classical
Radon-Nikodym theorem it follows that there exists an A-measurable map F =
(F1, . . . , Fn) : X → Rn such that F1, . . . , Fn ∈ L1(X, ν˜) and
µj = Fj dν˜, j = 1, . . . , n.
We have |µj | = |Fj | dν˜, so
|F1(x)|+ . . .+ |Fn(x)| = 1 for ν˜-a.e. x ∈ X.
Let % : X → ∂Bn be an A-measurable map such that F (x) = %(x)‖F (x)‖ for
ν˜-a.e. x ∈ X. Set ν := ‖F (x)‖ dν˜(x). We have
µ = F dν˜ = % dν,
what gives a desired decomposition.
It remains to show uniqueness. Assume that there are ν′, %′ satisfying the
same conditions as ν, %. We have % dν = %′ dν′. Set ω := ν + ν′ and let
G,G′ : X → [0,∞) be A-measurable functions, integrable with respect to ω
and such that ν = Gdω and ν′ = G′ dω. We have
G%dω = % dν = %′ dν′ = G′%′ dω.
Thus, the maps G% and G′%′ are equal ω-a.e. on X. This gives
G(x) = ‖G(x)%(x)‖ = ‖G′(x)%′(x)‖ = G′(x) for ω-a.e. x ∈ X.
In consequence, ν = ν′ and ν-almost everywhere on X there holds the equality
% = %′, because % dν = %′ dν′.
Example 2.3. In this example we are going to decompose as in Lemma 2.1 the
following n-tuple of measures:
µ = g dLT + (α1δλ1 , . . . , αnδλn),
where g = (g1, . . . , gn), g1, . . . , gn ∈ L1(T,LT), α1, . . . , αn ∈ R and λ1, . . . , λn ∈
T. As the measure ν is required to be singular with respect to LT, the first
part of desired decomposition is equal to g dLT and the second part comes from
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Lemma 2.2 applied to the measure (α1δλ1 , . . . , αnδλn). To find the latter part,
we follow the proof of Lemma 2.2 with X = T and A being the σ-field of Borel
subsets of T.
For j ∈ {1, . . . , n} let
Aj := {l ∈ {1, . . . , n} : λl = λj}.
We have
ν˜ = |α1|δλ1 + . . .+ |αn|δλn ,
so we may set
F :=
(
α1∑
l∈A1 |αl|
χ{λ1}, . . . ,
αn∑
l∈An |αl|
χ{λn}
)
(the mapping F is ν˜-almost everywhere well defined, because if
∑
l∈Aj |αl| = 0
for some j, then χ{λj} is ν˜-a.e. equal to 0 and so is the j-th component of the
right hand side of the above definition). Since ν = ‖F (λ)‖ dν˜(λ), the measure
ν is supported on the set {λ1, . . . , λn} and
χ{λj}dν =
√∑
l∈Aj
α2l δλj .
This gives
(4) ν =
n∑
j=1
√∑
l∈Aj α
2
l
#Aj
δλj ,
where #Aj denotes the number of elements of the set Aj .
A map % : T → ∂Bn has to be taken such that the equality F (λ) =
%(λ)‖F (λ)‖ holds for ν˜-a.e. λ ∈ T, or equivalently, for ν-a.e. λ ∈ T. It means
that
(5) % =
 α1√∑
l∈A1 α
2
l
χ{λ1}, . . . ,
αn√∑
l∈An α
2
l
χ{λn}
 ν-a.e. on T.
Note that the right hand side is ν-almost everywhere well defined and it does
not matter what values % takes outside the set {λ1, . . . , λn}. The desired de-
composition consists of the map g, the measure ν given by (4) and a map %
satisfying (5).
The situation becomes simpler in the case when λ1, . . . , λn are pairwise dis-
joint. We then have
ν = |α1|δλ1 + . . .+ |αn|δλn
and
% =
(
α1
|α1|χ{λ1}, . . . ,
αn
|αn|χ{λn}
)
ν˜-almost everywhere on T (again, j-th component of %may be anyhow if αj = 0).
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For a convex tube domain D ⊂ Cn introduce the following sets, describing
some geometric properties of its base. Define
WD :=
{
v ∈ Rn : sup
x∈ReD
〈x, v〉 <∞
}
,
SD := {y ∈ Rn : ∀v ∈WD : 〈y, v〉 ≤ 0}
and for a vector v ∈ Rn,
PD(v) := {p ∈ ReD : 〈x− p, v〉 < 0 for all x ∈ ReD}.
It is clear that all these sets are convex, PD(v) ⊂ ∂ReD and if v ∈ SD, w ∈
WD and t ≥ 0, then tv ∈ SD and tw ∈ WD, i.e. the sets SD and WD are
infinite cones. Next observation presents a number of their elementary geometric
properties.
Observation 2.4. Let D ⊂ Cn be a convex tube domain and let v ∈ Rn. Then:
(i) the sets PD(v) and SD are closed,
(ii) if PD(v) 6= ∅, then v ∈WD,
(iii) if p, q ∈ PD(v), then the vectors p− q and v are orthogonal,
(iv) if the domain ReD is strictly convex (in the geometric sense, i.e. it is
convex and ∂ReD does not contain any non-trivial segments), then the
set PD(v) contains at most one element,
(v) v ∈ SD iff for all a ∈ ReD and t ≥ 0 there holds a+ tv ∈ ReD,
(vi) if ReD contains no complex affine lines, then intWD 6= ∅,
(vii) if ReD is bounded, then WD = Rn and SD = {0}.
Proof. (i). If (pm)m ⊂ PD(v) and pm → p, then 〈x−p, v〉 ≤ 0 for each x ∈ ReD.
As PD(v) 6= ∅, we have v 6= 0, so the map x 7→ 〈x − p, v〉 is open. It is non-
positive on the open set ReD, so it is in fact negative on ReD.
(iii). If p, q ∈ PD(v), then 12 (p + q) ∈ PD(v). Since p, q ∈ ReD, we have〈p− 12 (p+ q), v〉 ≤ 0 and 〈q − 12 (p+ q), v〉 ≤ 0, what gives 〈p− q, v〉 = 0.
(vi). It follows e.g. from [Zaj, Observation 2.4].
(ii), (iv), (v), (vii). The proofs are immediate.
3 Description of complex geodesics in an arbi-
trary convex tube domain and its applications
in special classes of domains
In this section we formulate the main result of this paper, Theorem 3.1. It
gives a full description of all complex geodesics for D in terms of its geometric
properties, i.e. the sets PD(v), WD, SD. In the latter part of this section we
show how it can be applied to obtain formulas for boundary measures of complex
geodesics in some special classes of convex tube domains. We also give some
examples. The proof of Theorem 3.1 is presented in Section 4.
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Theorem 3.1. Let D ⊂ Cn be a convex tube domain containing no complex
affine lines and let ϕ ∈ Mn be a holomorphic map with boundary measure µ.
Consider the decomposition
µ = g dLT + % dν,
where g = (g1, . . . , gn) : T → Rn and % : T → ∂Bn are Borel-measurable maps,
g1, . . . , gn ∈ L1(T,LT) and ν is a positive, finite, Borel measure on T singular
to LT.
Then
ϕ(D) ⊂ D and ϕ is a complex geodesic for D
iff there exists a map h ∈ Hn, h 6≡ 0, such that the following conditions hold:
(i) g(λ) ∈ PD(λ¯h(λ)) for LT-a.e. λ ∈ T,
(ii) 〈λ¯h(λ), %(λ)〉 ≥ 0 for ν-a.e. λ ∈ T,
(iii) %(λ) ∈ SD for ν-a.e. λ ∈ T,
(iv) Reϕ(0) ∈ ReD.
Moreover, if ϕ(D) ⊂ D, ϕ is a complex geodesic for D and h ∈ Hn, h 6≡ 0
is a map satisfying the conditions (i) - (iv), then there also hold:
(v) %(λ) ∈ SD ∩ {λ¯h(λ)}⊥ for ν-a.e. λ ∈ T,
(vi) ν({λ ∈ T : λ¯h(λ) ∈ intWD}) = 0.
(vii) λ¯h(λ) ∈WD for every λ ∈ T.
Note that from (vi) and (vii) it follows that the measure ν is supported on the
set {λ ∈ T : λ¯h(λ) ∈ ∂WD}.
Remark 3.2. Theorem 3.1 gives quite separate conditions for both parts g dLT
and % dν of the decomposition of µ, what makes it relatively not difficult to
construct a measure which defines a complex geodesic for D. The part g dLT
must satisfy (i), while the part % dν must fulfill (ii) and (iii). Everything is
connected ’only’ by the map h. To construct a measure µ which defines a
complex geodesic for D it suffices to choose a map h ∈ Hn, h 6≡ 0 such that
(6) PD(λ¯h(λ)) 6= ∅ for LT-a.e. λ ∈ T
and next:
• take a Borel map g with integrable components satisfying (i) (note that
it may happen that it is impossible, even if (6) holds - see Example 3.7),
• take a measure ν singular to LT and satisfying (vi),
• take a Borel map % : T→ ∂Bn satisfying (v).
Then, if µ = g dLT+% dν and additionally 12piµ(T) ∈ ReD (i.e. Reϕ(0) ∈ ReD),
then µ is a boundary measure of a complex geodesic for the domain D.
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Before we proceed to applications of Theorem 3.1, let us make a remark on
convex tubes with bounded base:
Remark 3.3. If D ⊂ Cn is a convex tube domain containing no complex affine
lines and ReD is bounded, thenWD = Rn and SD = {0}, so from the condition
(iii) of Theorem 3.1 it follows that %(λ) = 0 for ν-a.e. λ ∈ T. Hence ν is a
null measure, because the image of % lies in ∂Bn. Then also the condition (ii)
is automatically fulfilled. Thus, a holomorphic map ϕ with boundary measure
µ is a complex geodesic for D iff
µ = g dLT
for some g, h satisfying (i) and (iv).
In general case, i.e. for D with unbounded base, the absolutely continuous
part of µ is determined by Theorem 3.1 (i) in the same way. But in that case we
have to deal also with the singular part of µ, what is a more interesting issue.
3.1 Convex tube domains with WD = [0,∞)n
In this section we investigate the family Dn of all convex tube domains D ⊂ Cn
such that
WD = [0,∞)n.
A convex tube domain D belongs to Dn iff e1, . . . , en ∈WD and
ReD + (−∞, 0]n = ReD.
The base of such a domain D contains no real affine lines and there holds the
equality
SD = (−∞, 0]n.
In Corollary 3.4 we describe all complex geodesics for a domain D ∈ Dn and we
apply it in Section 5 to describe extremal mappings in some classes of Reinhardt
domains in Cn.
Corollary 3.4. Let D ∈ Dn, n ≥ 2, and let ϕ ∈ Mn be a holomorphic map
with boundary measure µ. Consider the decomposition
µ = g dLT + % dν,
where g = (g1, . . . , gn) : T → Rn and % = (%1, . . . , %n) : T → ∂Bn are Borel-
measurable maps, g1, . . . , gn ∈ L1(T,LT) and ν is a positive, finite, Borel mea-
sure on T singular to LT. Then
ϕ(D) ⊂ D and ϕ is a complex geodesic for D
iff there exists a map h ∈ Hn, h 6≡ 0 such that the following conditions hold:
(i) h ∈ Hn+,
(ii) g(λ) ∈ PD(λ¯h(λ)) for LT-a.e. λ ∈ T.
(iii) %(λ) ∈ (−∞, 0]n for ν-a.e. λ ∈ T,
(iv) Reϕ(0) ∈ ReD,
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(v) if j ∈ {1, . . . , n} is such that hj 6≡ 0, then
%j dν = αjδλj
for some λj ∈ T and αj ∈ (−∞, 0] such that αjhj(λj) = 0.
Note that the condition (iii) from the above Corollary means that the singular
part of µ, i.e. the measure % dν, is just a n-tuple of negative measures. Moreover,
the condition (v) means that if hj 6≡ 0, then the j-th component of the singular
part of µ is of the form αjδλj with some appropriate αj and λj .
Proof of Corollary 3.4. Assume that ϕ(D) ⊂ D and ϕ is a complex geodesic for
D. Let h be as in Theorem 3.1. The conditions (i) - (iv) follow directly from
Theorem 3.1, so it remains to show the condition (v).
Set % = (%1, . . . , %n). The expression 〈λ¯h(λ), %(λ)〉, which is by Theorem
3.1 (v) ν-almost everywhere equal to zero, is a sum of ν-almost everywhere
non-positive terms λ¯h1(λ)%1(λ), . . . , λ¯hn(λ)%n(λ). Therefore, all this terms are
ν-a.e. equal to zero. If j is such that hj 6≡ 0, then the function hj ∈ H1+ has
at most one root on T (counting without multiplicities). Hence, up to a set
of ν measure zero, %j = βjχ{λj} for some λj ∈ T and βj ∈ (−∞, 0] such that
βjhj(λj) = 0. This gives the condition (v) with αj := βjν({λj}).
On the other hand, it follows from Theorem 3.1 that if h is such that the
conditions (i) - (v) are satisfied, then ϕ is a complex geodesic for D. Indeed,
is is clear that the conditions (i), (iii) and (iv) from Theorem 3.1 hold, so it
suffices to show that (ii) is also fulfilled. From the assumption (v) we conclude
that if j is such that hj 6≡ 0, then
λ¯hj(λ)%j(λ) dν(λ) = αj λ¯hj(λ) dδλj (λ) = αj λ¯jhj(λj) dδλj (λ) = 0.
This implies that 〈λ¯h(λ), %(λ)〉 dν(λ) is a null measure, what involves the con-
dition (ii). The proof is complete.
Remark 3.5. Under the assumptions of Corollary 3.4, if ϕ is a complex geodesic
for D, h is as in the corollary and h1 6≡ 0, . . . , hn 6≡ 0, then it follows from (v)
that
% dν = (α1δλ1 , . . . , αnδλn)
for some α1, . . . , αn ∈ (−∞, 0] and λ1, . . . , λn ∈ T such that
α1h1(λ1) = . . . = αnhn(λn) = 0.
Thus, the singular part of µ takes then a very special form.
In the opposite situation, i.e. when the set A := {j ∈ {1, . . . , n} : hj ≡ 0} is
non-empty, for every j ∈ A the j-th component of the singular part of µ may be
almost arbitrary. More precisely, if ω1, . . . , ωn are finite, negative Borel measures
on T, singular to LT and such that ωj = %j dν for every j ∈ {1, . . . , n} \A, then
a holomorphic map ψ with boundary measure g dLT+(ω1, . . . , ωn) is a complex
geodesic for D, provided that Reψ(0) ∈ ReD. This fact follows directly from
Corollary 3.4, because ψ satisfies the conditions (i) - (v) with h.
Note that if the domain ReD is strictly convex (in the geometric sense),
then there must hold h1 6≡ 0, . . . , hn 6≡ 0. Indeed, in view of the condition (ii)
from Corollary 3.4, LT-almost all sets PD(λ¯h(λ)) are non-empty. Our claim is
a consequence of strict convexity of D and of the following geometric property
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of domains from the family Dn: if for a vector v = (v1, . . . , vn) ∈ Rn we have
PD(v) 6= ∅ and vj = 0 for some j, then ∂ReD contains a half-line of the form
p+ (−∞, 0] ej for any p ∈ PD(v).
Example 3.6. Consider the following domain from the family D2,
D := {(x1, x2) ∈ R2 : (max{x1 + 1, 0})2 + (max{x2 + 1, 0})2 < 1}+ iR2.
The base of D is shown on Figure 1. We have
Figure 1: The base of D
PD(v) =

{
v
‖v‖ − (1, 1)
}
, if v ∈ (0,∞)2,
(−∞,−1]× {0}, if v ∈ {0} × (0,∞),
{0} × (−∞,−1], if v ∈ (0,∞)× {0},
∅, otherwise.
Take a complex geodesic ϕ = (ϕ1, ϕ2) : D → D with boundary measure
µ = (µ1, µ2) and let g = (g1, g2), ν, % = (%1, %2) and h = (h1, h2) ∈ H2+ be as in
Corollary 3.4.
Assume that the functions h1, h2 are linearly independent. By Corollary 3.4
(ii), for LT-a.e. λ ∈ T we have
g(λ) ∈ PD(λ¯h(λ)) =
{
λ¯h(λ)
‖λ¯h(λ)‖ − (1, 1)
}
.
In view of Remark 3.5, we obtain
(7) µ =
(
λ¯h(λ)
‖λ¯h(λ)‖ − (1, 1)
)
dLT(λ) + (α1δλ1 , α2δλ2)
for some α1, α2 ∈ (−∞, 0] and λ1, λ2 ∈ T such that
(8) α1h1(λ1) = α2h2(λ2) = 0.
On the other hand, from Corollary 3.4 it follows that if a holomorphic map has
boundary measure of the form (7) with some linearly independent h1, h2 ∈ H2+
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and some α1, α2 ≤ 0, λ1, λ2 ∈ T satisfying (8), then it is a complex geodesic
for D (the condition (iv) from Corollary 3.4 is then a consequence of linear
independence of h1, h2).
Now consider the case when h1, h2 are linearly dependent, but h1, h2 6≡ 0.
We have h2 = γh1 for some γ > 0. Since PD(λ¯h(λ)) = PD((1, γ)) for LT-a.e.
λ ∈ T, the map g is LT-almost everywhere constant and equal to (1,γ)‖(1,γ)‖ − (1, 1).
Using Remark 3.5 again we conclude that the singular part of µ is of the form
(α1δλ1 , α2δλ2) for some α1, α2 ∈ (−∞, 0] and λ1, λ2 ∈ T such that α1h1(λ1) =
α2γh1(λ2) = 0. But from Corollary 3.4 (iv) it follows that (α1, α2) 6= (0, 0), so
h1, h2 have a common root λ0 ∈ {λ1, λ2}. Thus,
(9) µ =
(
(1, γ)
‖(1, γ)‖ − (1, 1)
)
dLT + (α1, α2)δλ0 .
On the other hand, if a holomorphic map has boundary measure of the form
(9) with some γ > 0, λ0 ∈ T and α1, α2 ≤ 0 such that α1 + α2 < 0, then it is
a complex geodesic for D. It is a consequence of Corollary 3.4 applied to that
map and to h(λ) = (λ− λ0)(1− λ¯0λ) · (1, γ).
It remains to consider the situation when h1 ≡ 0 or h2 ≡ 0. If h1 ≡ 0, then
g(λ) ∈ (−∞,−1]× {0} for LT-a.e. λ ∈ T, in view of (ii). Moreover, from (v) it
follows that %2 dν = α2δλ2 for some α2 ≤ 0 and λ2 ∈ T such that α2h2(λ2) = 0,
and (iv) gives that α2 6= 0. Therefore
(10) µ = (µ1, α2δλ2).
On the other hand, one can check that if a holomorphic map has boundary
measure given by (10) with some α2 < 0, λ2 ∈ T and some real Borel measure
µ1 on T such that µ1 ≤ −LT, then it is a complex geodesic for the domain D.
If h2 ≡ 0, then arguing similarly as before we obtain that
(11) µ = (α1δλ1 , µ2)
for some α1 < 0, λ1 ∈ T and µ2 ≤ −LT. Any holomorphic map with boundary
measure of this form is a complex geodesic for D.
Example 3.7. Consider the domain
D := {(x1, x2) ∈ R2 : x1, x2 < 0, x1x2 > 1}+ iR2.
It belongs to the family D2. We have
(12) PD(v) =
{(
−
√
v2
v1
,−
√
v1
v2
)}
when v = (v1, v2) ∈ (0,∞)2 and PD(v) = ∅ otherwise.
Take a complex geodesic ϕ : D→ D with boundary measure µ and let g, ν,
% and h = (h1, h2) ∈ H2+ be as in Corollary 3.4. Assume that h1 and h2 are
linearly independent. Then hj(λ) = cj(λ − λj)(1 − λ¯jλ) for some c1, c2 > 0,
λ1, λ2 ∈ D such that λ1 6= λ2. By Corollary 3.4 (ii), for LT-a.e. λ ∈ T we have
g(λ) =
(
−
√
c2
c1
|λ− λ2|
|λ− λ1| ,−
√
c1
c2
|λ− λ1|
|λ− λ2|
)
.
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Since both components of g belong to L1(T,LT), we have λ1, λ2 ∈ D. Moreover,
% dν = 0, by Remark 3.5. In summary,
(13) µ =
(
c
|λ− λ2|
|λ− λ1| ,
1
c
|λ− λ1|
|λ− λ2|
)
dLT(λ),
where c = −( c2c1 )
1
2 . Such a map ϕ extends analytically on a neighbourhood of
D, because the map g is real analytic on T. It follows from Corollary 3.4 that
any holomorphic map with boundary measure of the form (13) (with some c > 0
and λ1, λ2 ∈ D, λ1 6= λ2) is a complex geodesic for D.
If the functions h1, h2 are linearly dependent, then similarly as in Example
3.6 we can show that µ is of the form
(14) µ = (−γ 12 ,−γ− 12 ) dLT + (α1, α2)δλ0
for some γ > 0, λ0 ∈ T and α1, α2 ≤ 0 such that α1 + α2 < 0. And again,
any holomorphic map with boundary measure of the above form is a complex
geodesic for D.
We see that in this example every complex geodesic which admits a map h
with linearly independent components can be extended analytically on a neigh-
bourhood of the closed unit disc D. However, even in some ’similar’ domains
this property do not hold. For example, let
D′ :=
{
(x1, x2) ∈ R2 : x1, x2 < 0, x2 < −x−21
}
+ iR2.
For v = (v1, v2) ∈ (0,∞)2 we have
PD′(v) =
{(
−
(
2v2
v1
) 1
3
,−
(
v1
2v2
) 2
3
)}
.
Take h(λ) := ((λ+ 1)2, λ) (it belongs to the family H2+) and g such that g(λ) ∈
PD′(λ¯h(λ)) for LT-a.e. λ ∈ T, i.e.
g(λ) =
(
−2 13 |λ+ 1|− 23 ,−2− 23 |λ+ 1| 43
)
.
We see that both components of g belong to L1(T). From Corollary 3.4 it follows
that if α1 ≤ 0, then the holomorphic map given by the boundary measure
µ := g dLT + (α1δ−1, 0) is a complex geodesic for D′. But this map does not
extend analytically to a neighbourhood of D.
In these examples we also see that it is possible that for some h there is
no map g with components integrable with respect to LT and satisfying g(λ) ∈
PD(λ¯h(λ)) for LT-a.e. λ ∈ T, even if these sets are non-empty for LT-a.e. λ ∈ T
(cf. Remark 3.2).
Remark 3.8. Although in examples presented above we considered only tube
domains with base contained in (−∞, 0)n, it is clear that in the family Dn there
are domains with base not contained in any set of the form a+(−∞, 0)n, a ∈ Rn.
An example of such a domain in C2 is {(x1, x2) ∈ R2 : x2 < −ex1}+ iR2, where
WD = {(0, 0)} ∪ [0,∞) × (0,∞) ( WD. Applying Corollary 3.4 in the same
way as previously, we can find formulas for boundary measures of all complex
geodesics for such tube domains.
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3.2 Domains in C2
Let D ⊂ C2 be a convex tube domain containing no complex affine lines. From
Observation 2.4 it follows that the set WD is a closed, convex, infinite cone with
vertex at the origin and with non-empty interior. Thus, WD is any of the whole
R2, a half-plane or a convex infinite angle, i.e. the set
{(r cos θ, r sin θ) : r ≥ 0, θ ∈ [θ1, θ2]}
for some θ1 < θ2 < θ1 + pi.
If WD is the whole R2, then ReD is bounded. Tubes with bounded base
were considered in Remark 3.3. If WD is an angle, then D is affinely equivalent
to a convex tube domain D′ ⊂ C2 having WD′ = [0,∞)2. These domains are
exactly those from the family D2 and they were considered in Subsection 3.1.
If WD is a half-plane, then we may assume that WD = R× (−∞, 0]. This case
we consider now, in Corollary 3.9. If D ⊂ C2 is a convex tube domain with
WD = R × (−∞, 0], then D contains no complex affine lines, there holds the
equality
SD = {0} × [0,∞)
and D is of the form
D = {(x1, x2) ∈ (a, b)× R : x2 > f(x1)}+ iR2
for some −∞ ≤ a < b ≤ ∞ and a convex function f : (a, b)→ R such that:
• if a = −∞, then f ′−(x), f ′+(x)→ −∞, when x→ −∞, and
• if b =∞, then f ′−(x), f ′+(x)→∞, when x→∞.
Here f ′− and f ′+ denotes the one-sided derivatives of f . Depending on a, b and
f , the set WD \WD may be any of the empty set, a horizontal half-line starting
at the origin or the horizontal line R×{0}. In Corollary 3.9 all of this cases are
treated the same, as there only the set WD is important, not WD itself.
Corollary 3.9. Let D ⊂ C2 be a convex tube domain such that WD = R ×
(−∞, 0]. Take a map ϕ ∈ M2 with boundary measure µ and consider the
decomposition
µ = g dLT + % dν,
where g = (g1, g2) : T → R2 and % : T → ∂B2 are Borel-measurable maps,
g1, g2 ∈ L1(T,LT) and ν is a positive, finite, Borel measure on T singular to
LT. Then
ϕ(D) ⊂ D and ϕ is a complex geodesic for D
iff there exists a map h ∈ H2, h 6≡ 0 such that the following conditions hold:
(i) h2 ∈ −H1+,
(ii) g(λ) ∈ PD(λ¯h(λ)) for LT-a.e. λ ∈ T,
(iii) %(λ) = e2 for ν-a.e. λ ∈ T,
(iv) Reϕ(0) ∈ ReD,
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(v) if h2 6≡ 0, then ν = αδλ0 for some α ∈ [0,∞) and λ0 ∈ T such that
αh2(λ0) = 0.
The condition (iii) from the above Corollary means that % dν = (0, ν). In
particular, ν is equal to the singular part of the second component of µ.
Proof of Corollary 3.9. Assume that ϕ(D) ⊂ D and ϕ is a complex geodesic
for D and let h be as in Theorem 3.1. The conditions (ii), (iii) and (iv) follow
immediately from Theorem 3.1. Since λ¯h(λ) ∈ WD for every λ ∈ T, we have
h2 ∈ −H1+, what gives (i).
If h2 6≡ 0, then h2 has at most one root on T (counting without multiplici-
ties), so the set {λ ∈ T : λ¯h(λ) ∈ ∂WD} contains at most one element. Hence
the condition (v) follows from Theorem 3.1 (vi).
It is a direct consequence of Theorem 3.1 that if h is such that the conditions
(i) - (v) are fulfilled, then ϕ(D) ⊂ D and ϕ is a complex geodesic for D.
Example 3.10. Consider the domain
D := {(x1, x2) ∈ R2 : x1 > 0, x2 > x21}+ iR2.
This domain is of the type considered in Corollary 3.9, because
WD = {(r cos θ, r sin θ) : r ≥ 0, θ ∈ [−pi, 0)}.
For v = (v1, v2) ∈ R2 we have
PD(v) =

{(
− v12v2 ,
v21
4v22
)}
, if v ∈ (0,∞)× (−∞, 0),
{(0, 0)}, if v ∈ (−∞, 0]× (−∞, 0),
{0} × [0,∞), if v ∈ (−∞, 0)× {0},
∅, otherwise.
Take a complex geodesic ϕ : D → D with boundary measure µ = (µ1, µ2)
and let g = (g1, g2), ν, % = (%1, %2) and h = (h1, h2) ∈ H1 × (−H1+) be as
in Corollary 3.9. We have µ1 = g1dLT, so from the conditions (ii) and (iv) of
Corollary 3.9 it follows that the sets {λ ∈ T : g1(λ) > 0}, {λ ∈ T : λ¯h1(λ) > 0}
are of positive LT measure and h2 6≡ 0. In particular, h1 ∈ H1 \ (−H1+). The
condition (v) implies that
% dν = (0, αδλ0)
for some α ∈ [0,∞) and λ0 ∈ T such that αh2(λ0) = 0. Moreover, as h2 6≡ 0,
for LT-a.e. λ ∈ {ζ ∈ T : ζ¯h1(ζ) ≤ 0} there holds g(λ) = (0, 0). This gives
g(λ) =
(
− h1(λ)
2h2(λ)
,
h1(λ)
2
4h2(λ)2
)
χ{ζ∈T:ζ¯h1(ζ)>0}(λ)
for LT-a.e. λ ∈ T.
If the functions h1, h2 are linearly independent, then h2 has no roots on the
set {ζ ∈ T : ζ¯h1(ζ) ≥ 0}, because g1, g2 ∈ L1(T,LT). In that case
(15) µ =
(
− h1(λ)
2h2(λ)
,
h1(λ)
2
4h2(λ)2
)
χ{ζ∈T:ζ¯h1(ζ)>0}(λ)dLT(λ) + (0, αδλ0).
On the other hand, if a holomorphic map has boundary measure of the form
(15) with some h1 ∈ H1 \ (−H1+), h2 ∈ −H1+, α ∈ [0,∞) and λ0 ∈ T such that
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h1, h2 are linearly independent, h2 has no roots on {ζ ∈ T : ζ¯h1(ζ) ≥ 0} and
αh2(λ0) = 0, then it is a complex geodesic for D.
If h1, h2 are linearly dependent, then applying Corollary 3.9 (v) and arguing
similarly as in previously considered examples we obtain that
µ = (γ, γ2) dLT + (0, αδλ0)
for some α < 0, λ0 ∈ T and γ > 0. Any holomorphic map with boundary
measure of the above form is a complex geodesic for D.
4 Proof of Theorem 3.1 and further remarks
The aim of this section is to prove the main result of the paper, Theorem 3.1.
We begin with investigating the singular and absolutely continuous parts of
the boundary measure of a complex geodesic in its Lebesgue-Radon-Nikodym
decomposition with respect to LT. Next we show the proof of Theorem 3.1 and
we give some remarks related to it.
A starting point for our considerations is the following fact (see [Zaj, Theo-
rem 1.2]):
Theorem 4.1. Let D ⊂ Cn be a convex tube domain containing no complex
affine lines and let ϕ : D→ D be a holomorphic map with boundary measure µ.
Then ϕ is a complex geodesic for D iff there exists a map h ∈ Hn, h 6≡ 0, such
that
〈λ¯h(λ),Re z dLT(λ)− dµ(λ)〉 ≤ 0
for every z ∈ D.
Lemma 4.2. Let D ⊂ Cn be a convex tube domain containing no complex affine
lines, h ∈ Hn, h 6≡ 0 and let ϕ : D → D be a holomorphic map with boundary
measure µ. Consider
µ = Reϕ∗ dLT + µs,
the Lebesgue-Radon-Nikodym decomposition of µ with respect to LT. Then
(16) 〈λ¯h(λ),Re z dLT(λ)− dµ(λ)〉 ≤ 0 for each z ∈ D
iff the following two conditions hold:
(i) Reϕ∗(λ) ∈ PD(λ¯h(λ)) for LT-a.e. λ ∈ T,
(ii) 〈λ¯h(λ), dµs(λ)〉 ≥ 0.
Proof. Let µs = (µs,1, . . . , µs,n). There exists a Borel subset S ⊂ T such that
LT(S) = 0, |µs,1|(T \ S) = . . . = |µs,n|(T \ S) = 0.
There hold the equalities
(17) χS dLT = 0, χT\S dLT = LT, χS dµ = µs, χT\S dµ = Reϕ∗ dLT.
For z ∈ D set
νz := 〈λ¯h(λ),Re z dLT(λ)− dµ(λ)〉.
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We have νz = χT\S dνz + χS dνz and from (17) it follows that
(18) χT\S dνz = 〈λ¯h(λ),Re z − Reϕ∗(λ)〉 dLT(λ)
and
(19) χS dνz = −〈λ¯h(λ), dµs(λ)〉.
If the condition (16) holds, i.e. νz ≤ 0 for every z ∈ D, then (i) follows from
[Zaj, Lemma 3.7] and (ii) follows from the equality (19). On the other hand, if
there hold both (i) and (ii), then (18) and (19) gives that for each z ∈ D the
measures χT\S dνz and χS dνz are negative and hence νz is so.
Lemma 4.3. Let D ⊂ Cn be a convex tube domain containing no complex affine
lines, let ϕ ∈Mn be a holomorphic map with boundary measure µ and let
µ = Reϕ∗ dLT + µs
be the Lebesgue-Radon-Nikodym decomposition of µ with respect to LT. Then
ϕ(D) ⊂ D iff the following two conditions hold:
(i) Reϕ∗(λ) ∈ ReD for LT-a.e. λ ∈ T,
(ii) 〈µs, w〉 ≤ 0 for every w ∈WD.
Proof. Again, let S ⊂ T be such that there holds (17). Assume that ϕ(D) ⊂ D.
The first condition is clear. If v ∈ WD, then for some constant C ∈ R there is
〈x, v〉 < C for every x ∈ ReD. In particular, 〈Reϕ(λ), v〉 < C for λ ∈ D, what
gives a similar inequality for measures:
〈Reϕ(rλ) dLT(λ), v〉 ≤ C dLT, r ∈ (0, 1).
Taking limit for r tending to 1 we get
〈dµ, v〉 ≤ C dLT.
Hence
〈χS dµ, v〉 ≤ CχS dLT,
what together with (17) gives
〈µs, v〉 ≤ 0.
If w ∈ WD, then there exists a sequence (vm)m ⊂ WD tending to w. The
measure 〈µs, w〉 is a weak-* limit of the sequence 〈µs, vm〉 of negative measures,
so it is also negative.
Now assume that both (i) and (ii) hold. It suffices to show that if p ∈
Rn \ ReD and v ∈ Rn are such that 〈x − p, v〉 ≤ 0 for every x ∈ ReD, then
〈Reϕ(λ) − p, v〉 ≤ 0 for every λ ∈ D. Fix p, v and λ. It is clear that v ∈ WD
and 〈Reϕ∗(ζ)− p, v〉 ≤ 0 for LT-a.e. ζ ∈ T. We have
〈Reϕ(λ)− p, v〉 = 1
2pi
∫
T
1− |λ|2
|ζ − λ|2 〈Reϕ
∗(ζ)− p, v〉dLT(ζ)
+
1
2pi
∫
T
1− |λ|2
|ζ − λ|2 d(〈µs(ζ), v〉),
so 〈Reϕ(λ)− p, v〉 ≤ 0 and the proof is complete.
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Proof of Theorem 3.1. We have
Reϕ∗(λ) = g(λ) for LT-a.e. λ ∈ T
and
µs = % dν,
where µs = (µs,1, . . . , µs,n) is the singular part of µ in its Lebesgue-Radon-
Nikodym decomposition with respect to LT. The condition (ii) from Lemma 4.2
may be written as
(20) 〈λ¯h(λ), %(λ)〉 dν(λ) ≥ 0
and the condition (ii) from Lemma 4.3 can be written as
(21) 〈%(λ), w〉 dν(λ) ≤ 0 for every w ∈WD.
Now it is clear that if for some map h ∈ Hn, h 6≡ 0 the conditions (i) - (iv) from
Theorem 3.1 hold, then from Lemmas 4.2 and 4.3 it follows that ϕ(D) ⊂ D and
ϕ is a complex geodesic for D. It remains to prove the opposite implication.
Assume that ϕ(D) ⊂ D and ϕ is a complex geodesic for D. Take h ∈ Hn
as in Theorem 4.1. The condition (iv) is clear and the conditions (i), (ii) of
Theorem 3.1 follow directly from (20) and Lemma 4.2.
Lemma 4.3 and the equality (21) imply that for every w ∈ WD and ν-a.e.
λ ∈ T there holds
(22) 〈%(λ), w〉 ≤ 0.
This ’almost every’ may a priori depend on w, but we can omit this problem in
the following way. Take a dense, countable subset {wj : j = 1, 2, . . .} ⊂WD and
for each j let Aj ⊂ T be a Borel set such that ν(T \Aj) = 0 and 〈%(λ), wj〉 ≤ 0
for every λ ∈ Aj . Put A := ∩∞j=1Aj . It is clear that ν(T\A) = 0 and (22) holds
every w ∈WD and every λ ∈ A. Thus,
%(λ) ∈ SD for ν-a.e. λ ∈ T.
This is exactly the condition (iii).
It remains to prove the last part of the theorem, i.e. if h ∈ Hn, h 6≡ 0 satisfy
the conditions (i) - (iv), then it satisfy also (v), (vi) and (vii).
From (i) it follows that for LT-a.e. λ ∈ T there is λ¯h(λ) ∈WD. Hence, (vii)
is a consequence of continuity of h.
We prove (v). Fix  > 0. There exists δ > 0 such that |λ¯hj(λ)− ζ¯hj(ζ)| ≤ 
for j = 1, . . . , n, whenever λ, ζ ∈ T and |λ − ζ| ≤ δ. Take λ1, . . . , λm ∈ T for
which the arcs Lk := {λ ∈ T : |λ − λk| < δ}, k = 1, . . . ,m, cover the circle T.
For ν-a.e. λ ∈ Lk we have
〈λ¯h(λ), %(λ)〉 ≤ 〈λ¯kh(λk), %(λ)〉+ ‖λ¯h(λ)− λ¯kh(λk)‖ ≤ 
√
n.
The last inequality follows from (iii) and (vii). As k and  are arbitrary, the
condition (v) follows.
Now we prove (vi). For every λ ∈ T such that %(λ) ∈ SD and λ¯h(λ) ∈ intWD
there holds 〈λ¯h(λ), %(λ)〉 < 0, because the map w 7→ 〈%(λ), w〉 is open and non-
positive on WD, so it must be negative on intWD. Hence, in view of (v),
λ¯h(λ) ∈ intWD holds ν-almost nowhere on T. The proof is complete.
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Remark 4.4. It follows from the prooof, that if ϕ is a complex geodesic for D
and h is as in Theorem 4.1, then all of the conditions from Theorem 3.1 are
satisfied with this h. And vice versa, if the conditions (i) - (iv) from Theorem
3.1 hold for h ∈ Hn, h 6≡ 0, then h satisfy the condition from Theorem 4.1.
Example 4.5. In most of previously considered domains the singular part of
boundary measure of a complex geodesic took a very special form (it was ex-
pressed by Dirac deltas), provided that the components of corresponding map
h were linearly independent. In this example we will see that in some domains
even for such h the singular part may be almost arbitrary. Consider tube domain
in C2 with the base being a ’half-cone’, namely
D :=
{
(x1, x2, x3) ∈ R3 : x2 > 0, x3 >
√
x21 + x
2
2
}
+ iR3.
One can check that
WD =
{
x1 ∈ R, x2 ≥ 0, x3 ≤ −
√
x21 + x
2
2
}
∪ {x1 ∈ R, x2 ≤ 0, x3 ≤ −|x1|}
and
SD = ReD.
Let h ∈ H2 be such that
λ¯h(λ) = (Reλ, Imλ,−1), λ ∈ T,
i.e. h(λ) = 12
(
λ2 + 1,−iλ2 + i,−2λ). Set g := 0 and
%(λ) := 2−
1
2 (Reλ, Imλ, 1), λ ∈ T.
Note that for λ ∈ T there holds λ¯h(λ) ∈ ∂WD iff Imλ ≥ 0. Let ν be an arbitrary
finite positive Borel measure on T singular to LT and such that
ν({λ ∈ T : Imλ < 0}) = 0.
Set µ := g dLT + % dν = % dν and let ϕ be a holomorphic map given by the
boundary measure µ. One can see that the conditions (i), (ii) and (iii) from
Theorem 3.1 are fulfilled.
Now if we choose ν such that 12piµ(T) ∈ ReD, then in view of Theorem
3.1 the map ϕ is a complex geodesic for D. To do so, we can e.g. take an
arbitrary finite positive Borel measure ω singular to LT and supported on the
set {λ ∈ T : Imλ ≥ 0}, and put ν := ω + δ1 + δi.
Remark 4.6. Let D ⊂ Cn be a convex tube domain containing no complex
affine lines. Then a map ϕ ∈ O(D, D) is a complex geodesic for D iff there exists
a numberm ∈ {1, 2, 3} and a realm×nmatrix V with linearly independent rows
such that the domain D′ := {V ·z : z ∈ D} ⊂ Cm is a convex tube containing no
complex affine lines and V · ϕ is a complex geodesic for D′. This claim follows
from [Zaj, Lemma 4.3]: if ϕ is a complex geodesic for D and h(λ) = a¯λ2 +bλ+a
(a ∈ Cn, b ∈ Rn) is as in Theorem 3.1, then V may be chosen such that its
rows form a basis of the space Xh := span R{Re a, Im a, b}. Moreover, if in this
situation we do an affine change of coordinates so that Xh = Rm×{0}n−m, then
we conclude that the map (ϕ1, . . . , ϕm) has to be a complex geodesic for D′ and
the other components ϕm+1, . . . , ϕn can be arbitrary, privided that ϕ(D) ⊂ D.
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5 Applications of Theorem 3.1 in Reinhardt do-
mains in Cn
In this section we apply results obtained in Subsection 3.1 to give formulas
(more precisely, a necessary condition) for extremal mappings with respect to
the Lempert function and the Kobayashi-Royden pseudometric in some classes
of complete Reinhardt domains in Cn. Recall that a non-empty open set G ⊂
Cn is called a complete Reinhardt domain if for every (z1, . . . , zn) ∈ G and
λ1, . . . , λn ∈ D there holds (λ1z1, . . . , λnzn) ∈ G. To such a domain G ⊂ Cn we
associate its logarithmic image
logG := {(log |z1|, . . . , log |zn|) ∈ Rn : (z1, . . . , zn) ∈ G ∩ (C∗)n}
and the tube domain
DG := logG+ iRn
(we have ReDG = logG). The map
exp : DG 3 (z1, . . . , zn) 7→ (ez1 , . . . , ezn) ∈ G ∩ (C∗)n
is then a holomorphic covering. If the domain G is bounded and pseudoconvex,
thenDG belongs to the family Dn. Using an argument from [Edi-Zwo] we obtain
a relation between extremal mappings in G and complex geodesics in DG. It
allows us to apply our description of complex geodesics for domain DG ∈ Dn
(Corollary 3.4) to get formulas for extremal mappings in G.
Let D ⊂ Cn be a domain. The Lempert function `D : D ×D → [0,∞) for
D is given by
`D(z, w) = inf {ρ(σ1, σ2) : σ1, σ2 ∈ D,∃f ∈ O(D, D) : f(σ1) = z, f(σ2) = w}
= inf {ρ(0, σ) : σ ∈ D,∃f ∈ O(D, D) : f(0) = z, f(σ) = w}
and the Kobayashi-Royden pseudometric κD : D × Cn → [0,∞) for D is
κD(z,X) = inf
{
|α|
1−|σ|2 : α ∈ C, σ ∈ D,∃f ∈ O(D, D) : f(σ) = z, αf ′(σ) = X
}
= inf {α > 0 : ∃f ∈ O(D, D) : f(0) = z, αf ′(0) = X} .
We say that a holomorphic map f : D→ D is a `D-extremal map if ρ(σ1, σ2) =
`D(f(σ1), f(σ2)) for some σ1, σ2 ∈ D such that σ1 6= σ2. We call f a κD-
extremal map if κD(f(σ), f ′(σ)) = 11−|σ|2 for some σ ∈ D. We often use the
following basic fact: given σ1, σ2 ∈ D, σ1 6= σ2 and f ∈ O(D, D), the equality
ρ(σ1, σ2) = `D(f(σ1), f(σ2)) holds iff there is no map g ∈ O(D, D) such that
g(σ1) = f(σ1), g(σ2) = f(σ2) and g(D) ⊂⊂ D. And analogously, given σ ∈ D
and f ∈ O(D, D), the equality κD(f(σ), f ′(σ)) = 11−|σ|2 holds iff there is no
map g ∈ O(D, D) such that g(σ) = f(σ), g′(σ) = f ′(σ) and g(D) ⊂⊂ D.
For a convex tube domain D ⊂ Cn containing no complex affine lines let
G(D) denote the family of all Borel-measurable maps g = (g1, . . . , gn) : T→ Rn
such that g1, . . . , gn ∈ L1(T,LT) and with some h ∈ Hn there holds
g(λ) ∈ PD(λ¯h(λ)) for LT-a.e. λ ∈ T.
It follows from Theorem 3.1 that if g ∈ G(D) and ϕ ∈ Mn is a map with
boundary measure g dLT, then either ϕ is a complex geodesic forD (if ϕ(0) ∈ D)
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or its image lies in ∂D (in the opposite situation). Note that if ϕ(D) ⊂ ∂D and
in addition the domain ReD is strictly convex in the geometric sense, then ϕ is
just a constant map.
In what follows, for a non-empty set A = {j1, . . . , jk} ⊂ {1, . . . , n} with
j1 < . . . < jk, by piA we denote the projection Cn → Ck on the coordinates
j1, . . . , jk.
In the following two propositions we present formulas for `G-extremal and
κG-extremal maps in some classes of bounded, pseudoconvex, complete Rein-
hardt domains.
Proposition 5.1. Let G ⊂ Cn, n ≥ 2, be a bounded, pseudoconvex, complete
Reinhardt domain such that the domain logG is strictly convex in the geometric
sense and let f = (f1, . . . , fn) ∈ O(D, G) be a `G-extremal or a κG-extremal
map. Set
A := {j ∈ {1, . . . , n} : fj 6≡ 0}
and let k denote the number of elements of A.
Then k > 0 and there exist some functions B1, . . . , Bk ∈ Aut (D) ∪ {1} and
a map g ∈ G(DpiA(G)) such that
piA ◦ f = (B1eϕ1 , . . . , Bkeϕk),
where ϕ = (ϕ1, . . . , ϕk) ∈Mk is a map with boundary measure g dLT.
Proposition 5.2. Let G ⊂ C2 be a bounded, pseudoconvex, complete Reinhardt
domain and let R1, R2 > 0 be such that pi{1}(G) = R1 ·D and pi{2}(G) = R2 ·D.
If f ∈ O(D, G) is a `G-extremal or a κG-extremal map, then there holds at least
one of the following conditions:
(i) there exists j ∈ {1, 2} such that 1Rj fj ∈ Aut (D), or
(ii) there exist some B1, B2 ∈ Aut (D) ∪ {1} and g ∈ G(DG) such that f is of
the form
f = (B1e
ϕ1 , B2e
ϕ2),
where ϕ = (ϕ1, ϕ2) ∈M2 is a map with boundary measure g dLT.
Proof of Proposition 5.1. We present the proof only for the case when f is a
`G-extremal map, because the proof for κG-extremal map is analogous. Let
σ1, σ2 ∈ D be such that ρ(σ1, σ2) = `G(f(σ1), f(σ2)) and σ1 6= σ2. It is clear
that k > 0. The domain piA(G) satisfies the same assumptions as G, namely it
is a bounded, pseudoconvex, complete Reinhardt domain with ReDpiA(G) being
strictly convex. Moreover, if z = (z1, . . . , zn), w = (w1, . . . , wn) ∈ G are such
that zj = wj = 0 for every j 6∈ A, then `G(z, w) = `piA(G)(piA(z), piA(w)). In
particular,
`piA(G)(piA(f(σ1)), piA(f(σ2))) = `G(f(σ1), f(σ2)) = ρ(σ1, σ2),
what means that piA ◦ f is a `piA(G)-extremal map. Therefore, we need only
to prove the conclusion for the domain piA(G) and the mapping piA ◦ f . The
latter map has no components equal identically to zero, so in fact it is enough
to prove the proposition under the additional assumption that f1, . . . , fn 6≡ 0
and A = {1, . . . , n}.
21
Since fj is bounded and fj 6≡ 0 for every j, we may write (see [Koo, p. 76])
(23) f = (B1eu1+ψ1 , . . . , Bneun+ψn)
for a (possibly infinite or identically equal to 1) Blaschke product Bj , a function
uj ∈M1 with boundary measure of the form log |f∗j | dLT (note that the function
log |f∗j | belongs to L1(T,LT)) and a function ψj ∈ M1 with Imψj(0) = 0
and with boundary measure being finite, negative and singular to LT. Set
ϕ := (u1 + ψ1, . . . , un + ψn). For every j we have Reψj ≤ 0 on D and, for
LT-a.e. λ ∈ T,
Reψ∗j (λ) = 0, Reϕ
∗
j (λ) = Reu
∗
j (λ), |B∗j (λ)| = 1, |f∗j (λ)| = eReu
∗
j (λ).
In particular, ϕ(D) ⊂ DG.
We claim that either the map ϕ is a complex geodesic for DG or the image
of ϕ lies in ∂DG. The idea of this claim comes from [Edi-Zwo]. Assume that
ϕ(D) 6⊂ ∂DG, then clearly ϕ(D) ⊂ DG. If ϕ is not a complex geodesic for DG,
then there exists a map ϕ˜ = (ϕ˜1, . . . , ϕ˜n) ∈ O(D, DG) such that ϕ˜(σ1) = ϕ(σ1),
ϕ˜(σ2) = ϕ(σ2) and ϕ˜(D) ⊂⊂ DG. Now the map (B1eϕ˜1 , . . . , Bneϕ˜n) maps σ1,
σ2 to f(σ1), f(σ2) and its image is relatively compact in G. It is a contradiction
with the equality `G(f(σ1), f(σ2)) = ρ(σ1, σ2).
From the above claim we conclude that for LT-a.e. λ ∈ T there holds ϕ∗(λ) ∈
∂DG and hence f∗(λ) ∈ ∂G. Note that from the above considerations it follows
that the latter condition holds for every `G-extremal map - we will use this fact
several times.
We are going to show that
(24) B1eψ1 , . . . , Bneψn ∈ Aut (D) ∪ {1}.
For this, suppose to the contrary that Bjeψj 6∈ Aut (D) ∪ {1} for some j. We
may assume that j = 1. Then B1eψ1 ∈ O(D,D) \ Aut (D), so there exists a
function ξ ∈ O(D,D) such that ξ(σ1) = B1(σ1)eψ1(σ1), ξ(σ2) = B1(σ2)eψ1(σ2)
and ξ(D) ⊂⊂ D. The map
F := (ξeu1 , f2, . . . , fn) ∈ O(D, G)
maps σ1, σ2 to f(σ1), f(σ2), so it is also a `G-extremal map. In particular,
F ∗(λ) ∈ ∂G for LT-a.e. λ ∈ T. Observe that 0 < |ξ∗(λ)eu∗1(λ)| < |f∗1 (λ)|.
Hence, from the fact that DG ∈ Dn and LT-almost every f∗(λ) belongs to ∂G
we conclude that ∂ReDG contains a non-trivial segment parallel to the vector
e1. This contradicts strict convexity of ReDG.
From (24) it follows that Bj ∈ Aut (D) ∪ {1} and Reψj ≡ 0 for every j.
As Imψj(0) = 0, we get ψj ≡ 0. Set gj := log |f∗j | and g := (g1, . . . , gn). The
boundary measure of ϕ is equal to g dLT, so to complete the proof we need
only to show that g ∈ G(DG). If ϕ(D) ⊂ DG, then ϕ is a complex geodesic for
DG ∈ Dn and the conclusion follows directly from Corollary 3.4. In the opposite
case, when ϕ(D) ⊂ ∂DG, the map ϕ is constant because of strict convexity of
ReDG. Thus, the map g = Reϕ∗ is also constant (up to a set of LT measure
zero) and its image lies in ∂ReDG, so it belongs to G(DG).
Proof of Proposition 5.2. We again consider only the case when f = (f1, f2) is
a `G-extremal map. Take σ1, σ2 ∈ D such that ρ(σ1, σ2) = `G(f(σ1), f(σ2)) and
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σ1 6= σ2. If f1 ≡ 0 or f2 ≡ 0, then similarly as in the previous proof we can
show that f2 = pi{2} ◦ f is a `R2·D-extremal map or f1 = pi{1} ◦ f is a `R1·D-
extremal map. Then the condition (i) is satisfied. Thus, it remains to consider
the situation when f1, f2 6≡ 0. In that case there hold (23) with B1, B2, u1, u2,
ψ1, ψ2 and ϕ as in the previous proof. Like there, either ϕ(D) ⊂ ∂DG or ϕ is
a complex geodesic for DG, what allows us to conclude that ϕ∗(λ) ∈ ∂DG and
f∗(λ) ∈ ∂G for LT-a.e. λ ∈ T.
We claim that there hold any of the condition (i) from Proposition 5.2 or
the condition (24) with n = 2, i.e.
(25) B1eψ1 , B2eψ2 ∈ Aut (D) ∪ {1}
(cf. [Kli, Lemat 4.3.3]). Suppose that B1eψ1 6∈ Aut (D) ∪ {1}. There exists a
function ξ ∈ O(D,D) such that ξ(σ1) = B1(σ1)eψ1(σ1), ξ(σ2) = B1(σ2)eψ1(σ2)
and ξ(D) ⊂⊂ D. Consider the map
F := (F1, f2) := (ξe
u1 , f2).
Like previously, F is a `G-extremal map and F ∗(λ) ∈ ∂G for LT-a.e. λ ∈ T.
Since for LT-a.e. λ ∈ T we have f∗(λ) ∈ ∂G and |F ∗1 (λ)| < |f∗1 (λ)|, the fact
that DG ∈ D2 imply that
f∗2 (λ) ∈ ∂pi{2}(G) = R2 · T.
Put R := supλ∈D |f1(λ)|. As G is a complete Reinhardt domain, for LT-a.e.
λ ∈ T the bidisc (|f∗1 (λ)| · D) × (|f∗2 (λ)| · D) lies in G. Therefore, the bidisc
(R · D) × (R2 · D) also lies in G (here we rely on the assumption that n = 2).
We have F (D) ⊂ (R ·D)× (R2 ·D), so F is a `(R·D)×(R2·D)-extremal map. Hence
either 1R2 f2 ∈ Aut (D) or 1RF1 ∈ Aut (D). But the image of the latter function is
relatively compact in D, so there must hold 1R2 f2 ∈ Aut (D). Applying the same
reasoning we can show that if B2eψ2 6∈ Aut (D) ∪ {1}, then 1R1 f1 ∈ Aut (D). It
means that at least of the conditions (25) or (i) holds.
To complete the proof it suffices to prove that the condition (ii) follows from
(25). For this, assume that (25) holds. As before, we need only to show that
the map g := (log |f∗1 |, log |f∗2 |) = Reϕ∗ belongs to G(DG). If ϕ(D) ⊂ GD,
then the conclusion follows from Corollary 3.4. In the opposite case, when
ϕ(D) ⊂ ∂DG, take a vector v ∈ Rn such that 〈x − Reϕ(0), v〉 < 0 for every
x ∈ ReDG. From the maximum principle for harmonic functions it follows
that 〈Reϕ − Reϕ(0), v〉 ≡ 0. Defining h(λ) := λ · v we get g(λ) = Reϕ∗(λ) ∈
PD(λ¯h(λ)) for LT-a.e. λ ∈ T. The proof is complete.
Example 5.3. (cf. [Kli, Theorem 4.1.4]) Given numbers p, q ∈ (0,∞) and
a ∈ (0, 1), consider the domain
G := Ga,p,q := {(z1, z2) ∈ C2 : |z1|, |z2| < 1, |z1|p|z2|q < a}.
It is a bounded, pseudoconvex, complete Reinhardt domain in C2 with
DG = {(x1, x2) ∈ R2 : x1, x2 < 0, px1 + qx2 < log a}+ iR2.
Take g = (g1, g2) ∈ G(DG). Observe that up to a set of LT measure zero
there hold any of g1 ≡ 0, g2 ≡ 0 or pg1 + qg2 ≡ log a. Indeed, take h = (h1, h2)
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as in the definition of the family G(DG). If h1 ≡ 0 or h2 ≡ 0, then g2 ≡ 0 or
g1 ≡ 0, respectively. In the opposite case, for LT-a.e. λ ∈ T we have
g(λ) ∈ PDG(λ¯h(λ)) =
{(
tp−1 log a, (1− t)q−1 log a) : t ∈ [0, 1]} ,
so LT-almost everywhere on T there holds pg1 + qg2 = log a. From this observa-
tion it follows that if ϕ = (ϕ1, ϕ2) is a holomorphic map with boundary measure
g dLT, then there holds any of Reϕ1 ≡ 0, Reϕ2 ≡ 0 or pReϕ1 +qReϕ2 ≡ log a.
In the case when Reϕ1 6≡ 0 and Reϕ2 6≡ 0 we therefore get
ϕ(λ) =
(
ψ(λ)p−1 log a, (1− ψ(λ))q−1 log a+ iβ) , λ ∈ D
for a number β ∈ R and a holomorphic map ψ : D→ , where
:= {ζ ∈ C : 0 < Re ζ < 1}.
From these considerations and from Proposition 5.2 we conclude that if
f = (f1, f2) ∈ O(D, Ga,p,q) is a `Ga,p,q -extremal or a κGa,p,q -extremal map,
then one of following conditions hold:
(i) f1 ∈ Aut (D), or
(ii) f2 ∈ Aut (D), or
(iii) f is of the form
f =
(
B1 exp
(
ψp−1 log a
)
, B2 exp
(
(1− ψ)q−1 log a+ iβ))
for some ψ ∈ O(D, ), β ∈ R and B1, B2 ∈ Aut (D) ∪ {1} with B1B2 6≡ 1.
Acknowledgements. I would like to thank Łukasz Kosiński for bringing
my attention to some important papers and for many comments that improved
the final shape of the paper.
References
[Bra-Sor] F. Bracci, A. Saracco, Hyperbolicity in unbounded convex domains,
Forum Math. 21 (2009), no. 5, 815-825.
[Edi-Zwo] A. Edigarian, W. Zwonek, Schwarz lemma for the tetrablock, Bull.
Lond. Math. Soc. 41 (2009), no. 3, 506-514.
[Jar-Pfl] M. Jarnicki, P. Pflug, Invariant distances and metrics in complex
analysis, Walter de Gruyter & Co., Berlin, 1993.
[Kli] P. Kliś, Odwzorowania ekstremalne (PhD dissertation), 2012.
[Koo] P. Koosis, Introduction to Hp spaces (2-nd edition), Cambridge Uni-
versity Press, Cambridge, 1998.
[Lem] L. Lempert, La métrique de Kobayashi et la représentation des do-
mains sur la boule, Bull. Soc. Math. France 109 (1981), 427-474.
[Zaj] S. Zając, Complex geodesics in convex tube domains, to appear in
Ann. Scuola Norm. Sup. Pisa Cl. Sci.
24
